Every 1-connected topological 4-manifold M admits a S 1 -covering by # r−1 S 2 × S 3 , where r =rankH 2 (M ; Z).
Introduction.
Oriented circle bundles over a finite complex X are classified by their Euler classes in the 2-dimensional integer cohomology H 2 (X; Z) as follows. Let ξ be the Hopf fibration π : S 2n+1 → CP n over the complex projective n-space. Since CP n can be identified with the 2n + 1 skeleton of the Eilenberg-MacLane space K(Z; 2), for sufficiently large n one has a one-toone correspondence (1.1)
where [X, CP n ] is the set of homotopy classes of maps X → CP n . Each α ∈ H 2 (X; Z) gives rise to an oriented circle bundle p : X(α) → X over X as the pull-back bundle α * (ξ), where α : X → CP n is a map whose homotopy class corresponds to α under (1.1) and it will be called the classifying map of p. In turn, α is called the Euler class of p. The passage from α ∈ H 2 (X; Z) to X(α) can be viewed as a method to construct new spaces out of the cohomology H 2 (X; Z). Conceivably, the topology of X(α) may change with respect to α ∈ H 2 (X; Z), as the following example shows.
Example. For the 2-sphere S 2 we have H 2 (S 2 ; Z) = Z. Moreover
Write A r for the free abelian group of rank r. An element α ∈ A r is called primitive if the quotient group A r / < α > is isomorphic to A r−1 , where < α >= {kα | k ∈ Z} (i.e. the cyclic subgroup generated by α). The following result is due to Giblin in 1968. Theorem 1 (Giblin [G] ).
Theorem 1 singles out an interesting phenomenon. Although the group H 2 (S 2 × S 2 ; Z) contains infinitely many primitive elements, the topology of the spaces X(α) remains unchanged with respect to different choices of α in the primitive ones.
The result.
This note is concerned with an extension of Giblin's above cited result from X = S 2 × S 2 to all 1-connected (topological) 4-manifolds. Let λ be the canonical Hopf complex line bundle over S 2 (= CP 1 ). Write W for the disk bundle of the Whitney sum λ R ⊕ ε, where λ R is the real reduction of λ and where ε is the trivial real line bundle over S 2 . Then W is a 5-manifold with boundary ∂W = CP 2 #CP 2 . Let B be the "double" of W formed by identifying two copies of W along ∂W . For a 1-connected 4-manifold M let r(M) be the rank of H 2 (M; Z) and let w 2 (M) ∈ H 2 (M; Z 2 ) be the second Stiefel-Whitney class of M (cf. footnote in the proof of Lemma 3).
Theorem 2. For a 1-connected 4-manifold M and a primitive element
, where (2) occurs if and only if w 2 (M) = 0 and w 2 (M) = α mod 2.
Applications
For a 1−connected 4-manifold M with w 2 (M) = 0 it is always possible to choose a primitive α ∈ H 2 (M; Z) so that w 2 (M) = α mod 2. The Theorem implies that
In particular, the homotopy groups of M are determined by r(M) as
A circle action S 1 × E → E on a manifold E will be called regular if the space E/S 1 of orbits (with the induced quotient topology) is a manifold. It can be easily shown that, for any regular circle action on a 1-connected 5-manifold the orbit manifold must be a 1-connected 4-manifold with the associated Euler class primitive. The Theorem indicates also that Corollary 2. Except for the 5-sphere S 5 , # r−1 S 2 ×S 3 and B# r−2 S 2 ×S 3 are the only two families (r ≥ 2) of 1-connected 5-manifolds that admit regular circle actions.
The first assertion of Corollary 1 can now be rephrased as 
Proof of Theorem 2.
Let M be a 1-connected 4-manifold and let α ∈ H 2 (M; Z) be a primitive element.
Proof. From the homotopy sequence of the fibration p : M(α) → M [Sw, p.56] one finds that the fundamental group π 1 (M(α)) is cyclic. It follows from Hurewicz Theorem that
∪α → 0, where ∪α is the operation of "taking cup product with α". From the second sequence we find that Since the M(α) is orientable by (4.2), the Poincaré duality on M(α) yields the isomorphisms
The proof of Lemma 1 is done by (4.3) and (4.4).
Every 1-connected 5-manifold E admits a smooth structure [B] . Therefore, its second Stiefel-Whitney class w 2 (E) is defined.
All 1-connected 5-manifolds have been classified by Smale [S] and Barden [B] in the 1960's. According to their classification (cf. [B] ) one derives from Lemma 1 that
Our Theorem can be directly deduced from the next result.
Lemma 3. The induced map p * :
Proof of Theorem 2. The mod 2 reduction of the Gysin sequence of p contains the section ( [MS, p.143 
From this we find that w 2 (M(α)) = 0 if and only if either w 2 (M) = 0 or w 2 (M) ≡ α mod 2 by Lemma 3. The proof is completed by Lemma 2.
It suffices to show Lemma 3. Proof of Lemma 3. (A) This is straightforward when M carries a smooth structure. For in this case we may assume that p is a smooth submersion and therefore, the tangent bundle T M(α) of M(α) admits a decomposition
